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ON REARRANGEMENTS OF VILENKIN-FOURIER SERIES
WHICH PRESERVE ALMOST EVERYWHERE CONVERGENCE

BY
J. A. GOSSELIN AND W. S. YOUNG(l)

ABSTRACT. It is known that the partial sums of Vilenkin-Fourier series of’

L? functions (@ > 1) converge a.e. In this paper we establish the L2 result for a

class of rearrangements of the Vilenkin-Fourier series, and the L9 result

(1 < q < 2) for a subclass of rearrangements. In the case of the Walsh-Fourier

series, these classes include the Kaczmarz rearrangement studied by L. A.

Balashov. The L result for the Kaczmarz rearrangement was first proved by K.

H. Moon. The techniques of proof involve a modification of the Carleson-Hunt

method and estimates on maximal functions of the Hardy-Littlewood type that

arise from these rearrangements.

1. Introduction. Let G = 1'[,‘-‘;02” denote a countable product of cyclic
groups with orders p; and Haar measure y normalized so that u(G) = 1. We as-
sume throughout this work that sup p; = p <. For x = (x;) € G, let l,l/j(x) =
exp(21rix,-/pi), j=0,1,2,.... The sequence {x];j} generates the standard or-
dering {x,,} of the dual group X as follows: Let my =1 and m = H.;';(l,pi for
s=1,2,.... Then each natural number n has a unique representation of the
form n = T agm,, where 0 < a; < p, and a; = 0 for sufficiently laarge s. De-
fine x, = 1, and for n > 1 with n = Z_,aum, define x,, = M, ¥;°. If
p;=2,i=0,1,...,G is the Walsh group 2%, {d/,.} can be identified with the
Rademacher functions and {x,,} the Walsh functions. In general, the system
(G, {x,}) is a special case of the Vilenkin systems studied in [12] and [5]. It fol-
lows that if f € LY(G), 1 < q < oo, then the Fourier series of f with respect to
{x,,} converges a.e. (u) to f. In this work we show that a.e. convergence of the
Fourier series for L2(G) is preserved by a class of rearrangements of {x,} and
that a.e. convergence for L9(G), 1 < q < 2, is preserved by a subclass of these
rearrangements. In the case of the Walsh system, these classes include the
Kaczmarz rearrangement studied by L. A. Balashov [1]. The L? result was first
established for the Kaczmarz rearrangement of the Walsh system by K. H. Moon
[9]. The LY result was first established for more general rearrangements of the

Walsh system in [14]. (See [15].) Finally, we note that the methods used in this
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work are modifications of those of L. Carleson [3] and R. A. Hunt [6], [7].
The authors would like to thank Professor Hunt for his helpful suggestions.

2. Statement of results. We study the a.e. convergence properties of Fourier
series with respect to certain rearrangements {¢, } of the Vilenkin system. For
each pair , v with N =0, 1, ..., 1 Sv<py, let Oy,, be a permutation of the
nonnegative integers {0, 1, 2, . . .} such that oy ,(j) =j forallj > N. Let
x,l/N =y, N and let {xN ”} denote the standard ordering of X generated by
{xpN ¥}. Each of the systems (G, {xN ¥}) is a particular case of the Vilenkin sys-
tem studied in [5]. We define the rearrangements {¢,} as follows: Let ¢y = X,,
and for any integer n with vmy <n <@ + 1)my, N> 0, 1 <v <p,,, we de-
fine ¢, = x}"*. In other words, if m}"” = 1 and m¥+* = Hf:},paN JGiy» then
for any integer n with vmy, <n < (@ + 1)my,, write n = EN aN ”mN Y. with
ay’ =v,0<a"" <Poy ,(s)- We have

SI_'L (‘pN W “s = H (‘l’oN v(s))“s

We note that for each ¢, with vmy <n < (v + 1)my, there is a X, with vm,, <
k < (v + 1)my such that ¢, = x,. Hence {¢,} is a rearrangement of {x,,} with-
in blocks of indices vmy <n < (v + Dmy, N20,1 <v <py.

If o , is the identity permutation for all N, », then {¢,} coincides with
{Xn}- In the case of the Walsh system, p), = 2 for all N, so that » = 1 for all N.
The Kaczmarz rearrangement occurs when 01v,1(f) =N-j-1,0<j<N-1,
N=1,2,..

We will use the following notation. For f € L!(G), let

n—1 _
Tf= X o J 190

(respectively S, f = 2”"0 Xl fx]du) be the nth partial sum of the Fourier series
of f with respect to {¢,} (respectively {x,}). Since {@,} is a rearrangement of
{X,} within blocks of indices vmy <n < (v + l)mN, Tympf = Symp f for
N>0,1<v<py. Let T*f = sup,,IT,fl, and S*f = sup,,, IS, fl. We have
the following

THEOREM 1. There are absolute constants C and Cq such that
@ 1T, < C I, FELIG), 2<q <,
(b) ufx € G: T*f(x) > A} < Cexp(-CNVIfl_),A> 0, f € L*(G).

This implies the a.e. (u) convergence of T,,f to f for f€ LY(G),2 < q < o°.
To establish the L7 result for 1 < g < 2, we have to restrict ourselves to
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the subclass of rearrangements given by permutations {0, ,} that satisfy the
“block condition™:

For each pair Ny with N =1,2,...,1<v <py, and for each 0 <;j <
N - 1, there is an integer kyy ,, ;, With 0 < ky , ; SN —j — 1, such that

1 Aoy 0, ..osoy DY=Tkypp by T 1o sky,; til

This condition is only used in the proof of Lemma 1. We remark that this sub-
class also contains the identity rearrangement given by oN'v(j) =j,0<j<N-1,
as well as the Kaczmarz rearrangement given by o (/) =N -j-1,0</<

N — 1, in the case of the Walsh system.

THEOREM 2. If {oN',,} satisfies the block condition, then there are absolute
constants C and C, such that:

@ 1T, < C,Ifl,, FELUG), 1 <q<2.

() IT*Al, < Cfglfiog® Ifl)3du + C, f € L(log* L) (G).

©) If f¢IflQlog* If)y*log*log® Ifldu < o, then T, f converges to f a.e. (u).

The absolute constants C and C, in the above theorems are independent of
the permutations {aN,v}.

REMARKS . It might be interesting to compare our a.e. convergence results
with those of other systems.

For the usual Vilenkin-Fourier series, the proof of [5] yields the following
result (see [6], [10] and [8]). There are absolute constants C and C, such that:

@ Is*rl, < C,Ifl,, fELIG), 1 <q <o

(b) u{x € G: $*f(x) > \} < Cexp(-CNIfl_),A> 0, fE L*(G).

() Is*11, < Cfglfl(log* Ifl)2du + C, f € L(log*L)*(G).

(d) If £ IflQog™ IfDlog*log* Ifldu < oo, then S, f converges to f a.e. ().

For the Kaczmarz rearrangement of the Walsh system, it is shown in [16]
that if f Ifl(log™ If)?dx < oo, then the partial sums of the Walsh-Kaczmarz-
Fourier series of f converge a.e. to f. This is proved by using a result of P.
Sjolin [10] on the a.e. convergence of Walsh-Fourier series.

As for a.e. divergence results, it is known that there exist functions in
L(log*log*tL)!™¢, 0 < e < 1, whose Walsh-Fourier series diverge a.e. (See Moon
[9])) In the case of the Walsh-Kaczmarz-Fourier series, such a result holds for the
Orlicz class L(logtL)!™¢, 0 < e < 1. (See Balashov [1].)

3. Outline of proof. The proof will proceed as follows. The L? result (the
case ¢ = 2 of Theorem 1 part (a)) will be obtained as a consequence of the cor-
responding result for the Vilenkin-Fourier series [5]. This will be proved in §4.
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To prove the remainder of Theorems 1 and 2, it is enough to prove the fol-
lowing basic result:

We call f a special function if f = hl, where I; is the characteristic func-
tion of a measurable subset F of G, and 4 a measurable function with values in
(%, 1].

Basic result. Let 1 <gq <o, For 1 <q <2 we assume that the permuta-
tions {¢, ,} satisfy the block condition. Then there are absolute constants C
and C, such that

wix €G: 7> N < g [ Inau,

where X > 0, fis a special function, and C, < O(g - 1)7? if 1 <q <2 and
C<CQif2<q<e.

The basic result together with the theory of interpolation and extrapolation
of operators imply the remainder of Theorems 1 and 2. The proof of this impli-
cation can be found in Hunt [6], Sjolin [10], and Hunt and Taibleson [8]. We
will omit the proof.

The argument used in the L2 proof will also be used to reduce the basic re-
sult to a basic lemma. The statement of the lemma and the reduction will be giv-
en in §4.

In order to prove the basic lemma we need estimates on certain maximal
functions of the Hardy-Littlewood type. These estimates are obtained in §5.

The remainder of this chapter will be devoted to the proof of the basic lem-
ma. The techniques used are modifications of those in [5], which are adaptations
of the methods of L. Carleson [3] and R. A. Hunt [6], [7]. We will emphasize
the difference between our proof and that for the usual Vilenkin-Fourier series
[S]. The parts which are essentially the same will be omitted.

4. Proof of the L2 result and reduction of the basic result to the basic lem-
ma. ForN=0,1,...,1<v<py,let

™y = S(v+l)me_Svaf= T(v+l)me- Tvaf’

and let SV+¥g denote the nth partial sum of g € L!(G) with respect to the system
{xX\"*}. Then, for vmy <n <@ + Dmy,

T.f= S'IIV,pr,v + Tvaf’: S'I:l.va,v + Svaf-

Hence, for any f € L1(G),
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T*f = suplT,fl
n=1

< sup  sup sup ISN.veN.v|
Nz21 1<v<py vmpy<n<(v+1)mpy

) + sup sup

s, fl
N>0 1<v<py TN

< sup  sup sup \SN:wgN.v|
N21 1<v<pyvmy<s<n<(v+1l)my

+ S*f.
We now prove Theorem 1 part (a) for the case ¢ = 2. It follows from [5]

that the L2 result holds uniformly for each of the systems {x,} and {x,’,v v},
N=1,2,...,1<v<py. Hence we obtain

2 2
[ Is*lau<c [ %,
and

su ISV gy < [ IV dy,
fG va<n<(g+l)mN n s H= -/;; s H

where C is independent of N and v. Thus

f sup  sup sup ISN-v N2y
G N>1 1<v<py vmpy<n<(v+1)mpy

o PN—1 N,veN,v|2
< ISV 2fV|2g
g ,?Z"l fG va<nil?g+l)mN n f #
o PN—1
<c Y 2 f IV 12dy
N=1 v=1
2
<cC fG 112y,

by Plancherel’s formula. These estimates together with (2) yield the L? result.
We also use (2) to reduce the basic result to a basic lemma.
Let f be a special function. From [5], we have

uix € G: S*(x) > N} < CIX ,/; If19d,

with Cq < Cq%(@ - 1)1, 1< g <. (The proof in [5] is for characteristic func-
tions, and can be carried out for special functions with very little change.) Thus,
in view of (2), the basic result follows immediately from the

Basic LEMMA. Let 1 < g < oo, For the case 1 < q <2, we assume that
the permutations {0y ,} satisfy the block condition. Fix \ and f with A>0
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and f a special function. Let L = L(q) = [4¢*/(q — 1)] + 1, where [ ] denotes
the greatest integer function. Then there exist an exceptional set E = E(X, q, f)
in G, and absolute constants C and C, with C;, < Cq/(q — 1), such that W(E) <
Cgk"’fclflqdu,andx EG~ENZ211<v<py,vmy<n<@+ Dmy
implies ISN*fN*| < CLA.

The idea of proof of the basic lemma is as follows: For each N = 1,
2,...,1<v<py, we use the techniques of L. Carleson [3] and R. A. Hunt
[6], [7] to construct an exceptional set Ej; , such that if x &FE ~,v> then
ISNwfN-2(x)] < CLA for vmy <n < (v + 1)my. Our exceptional set £ will be
the union of all the exceptional sets Ej;, ,. The lemmas proved in the next sec-
tion will be essential for estimating u(E).

REMARK. In the case of the Walsh functions, the sequence {y,} is the
Rademacher sequence {r, }. It was observed in [13], that if {rn’,} is any rearrange-
ment of {r,}, then the L? result, 1 <gq < oo, holds for the system generated by
{r,,j} and the standard ordering. This result uses the L? result for the Walsh sys-
tem with the standard ordering and the existence of a bijective measure-preserving
transformation 7 such that r,,, =r; o 7 for i =2 0. In the context of Vilenkin sys-
tems, there exists a bijective measure-preserving transformation 7: I 0Zp pi
mZ 0Z @ such that 1[;0(,-) = d:'. o 7 where {y; } — o is the sequence for

,_OZ o(i) corresponding to the Rademacher functions. This fact and the result
of [5] can be used to construct exceptional sets E ~,» Which are similar to the sets
Ey , we construct in this work. Because we want to estimate the size of the
union of all the sets E}, ,,, our sets E, , are in fact different than the sets E N.v
we would obtain above. Our construction of the exceptional sets is a modifica-
tion of the Carleson-Hunt technique used in [5], and we shall be brief on those
parts of the construction which are essentially unchanged.

5. Maximal inequalities of the Hardy-Littlewood type. Let E(glg,, . .. ,g,)
denote the conditional expectation of g given the Borel field generated by g,,
., 8, To prove the basic lemma for the case 1 <q < 2, we nced the weak
type (r, ) (r > 1) estimate of the operator

* k] ’
g—g = sup E(BIYy"”, ...,y ?).
0<j<N;1<v<pN
N>1

Note that for the case where oy ,, is the identity permutation for all N, v, g¥is
just the martingale maximal function sup; oE( lglYgs - -« s ¥

LEMMA 1. Suppose {aN’,,} satisfies the block condition. Then, for 1 <
r<oo,
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ux €G: g¥(x) >N\ < B\ fc Igl"du,
where A > 0, g € L'(G), and B, <r/(r — 1).

In view of (1), this is a corollary of

LEMMA 2. For 1 <r <o,
m{x €G: sup E(lglly,, . .., ¥pi)x) > 7\} <B;)\"fo lgl"du,
n,k=0

where A > 0, g € L"(G), and B, < r/(r — 1).

PRrROOF. We can assume that g = 0. We begin by observing that for any n,
k=20

(3) E(gll!/,., e ooy ‘l’,ﬁ-k) = E(E(gl\bo’ LI ] wn+k)hpn’ ¢n+l’ A )’

This is a consequence of the independence of the functions {{,,}, and the follow-
ing fact (see, for example, [4, p. 285]):

Suppose F,, F,, F5 are three Borel fields such that F, V F,, the Borel
field generated by F, U F,, is independent of F5. Then, for each integrable, F,-
measurable function k, we have E(hl F,) = E(hlF, V F3).

With Fy = FWgs -« - » Unai) Fa = FWps - -+ » Ypas)s Fs =
Fnik+1s Ynarezs---dand h=E@lYg, ..., ¥, ), we obtain

E(Eglwoa sees 'pn+k)l‘pn’ lpn+l’ ct ')

=E(E(g|¢’o, LI | lI/n+k)|\bn’ e wn+k) =E(gl¢’n’ ey ‘pn+k)’

which is (3).
The rest of the proof consists of repeated applications of the martingale
maximal theorem [11, p. 91]:

/.t{x €G: sup EEWy - Ypys)() > x}
= u{x €G: sup EEGNor -, YW Yng1r - ) > x}
< u{x €G: :g%E(:g%E(gldlo, e VMW U g - .)(x) > 7\}
< r*fG sup EEg - - - ¥y

<B\" J_leta,
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where B, <r/(r — 1). This completes the proof of Lemma 2.

REMARK 1. We remark that the mapping g — sup, ;0B (g, - - ., ¥p1s)
is not of weak type (1, 1). Consequently, for r = 1, the conclusion of Lemma 1
would not hold in general. This accounts for the fact that the argument we use
only enables us to establish the a.e. convergence result for the rearranged series
for functions in the class L(log™ L)?log*log* L, whereas, for the Vilenkin-Fourier
series, a similar argument yields the same result for functions in the class
L(log*L)log*log™ L.

The following is a modification of an example communicated to us by K. H.
Moon. We assume, without loss of generality, that p; > 2,i=0,1,.... We
will construct a sequence of functions {g,,},0<g,, € LY(G), such that

u{xEG: sup E(gmh[zn,...,tl/n+k)(x)>%}>‘/ﬁ, m=1,2,...,
n, 20

but
fclgmldu — Qasm —> oo,
Foreachm=1,2,...,j=0,1,. ”,1et‘4m.].= {xG: wmk(x)___
VUmjr 1) = oo = Vi1 () = 1}, the annihilator of the subgroup generated
by wmi’ ceey ‘pmj+m—l’ Note that “(Am,j) = ﬂ:'g;}"—lp;'l >p™™. Since,

for each m, {4,, ;};Z, are independent, and il ok, ;) = Zilo p ™ = we
have, by the Borel-Cantelli lemma, p(\J;Z¢4,,,;) = 1 for every m. Therefore,

there exists J,,, such that
Tm—1
u( ) A,,,,,.> > %
j=0

Let 4,, = 7" 4, .. We have u(d,,) = Meg” 'p7!. Form=1,2,...,
define

me—l
2m Il »p; ifx€A4,,
i=0
gm(x)={
0 otherwise.

Then, for x EAm'j,j=0, ,...,J, —1,

m

EGnWimps -+ s Vmpamet)®) = bl )7 [
o

m

mj+m—1
= < II p) 27m>1.
i=mj
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Thus we have

u{x €G: n's,1:>poECgmlwn, e V) > %}

Im—1
> u( U A,,,,) >3,
j=0
but
fGIgm|d# =2"M—0 asm—> oo,

This shows that g — sup, x5 oE(gll¥,, . .., ¥,44) is not of weak type (1, 1).
REMARK 2. If we relaxed the block condition on the permutations {oy ,},
Lemma 1 would be false in general for any r = 1.
We will show that the operator

g— su E(glhyy, ooy Wigs Wisgseees ¥,
0<]<nr;’n>1 ( ¢09 * ¥y 1 I+l’ ' Yn

is not of weak type (7, 7) for any r > 1. Again we assume p; >2,i=0,1,....
Let A, =AWq, - - . » ¥,,), and, for 0 <j <m,

AmJ =A(\po’ LA ] i—la ‘pj-'-la LR ] lIJ";)'
We observe that each 4,, ; is the union of 4,,, and p; — 1 other cosets of 4,,.
Also 4, ;, N 4,,;, = Ap, forj #j,. Thus
u( U A,,,,,> = (Z -1+ 1) [t =m+D]] p.
i=0 j=0 i=0 i=0

Form=1,2,...,define
1 ifx€A4,,
gm@) =

0 otherwise.
Then for x € Am,i’

E(gmlw(p L] j—l’ ‘)bj+1v LA ] l[/m)(x) = #(Am,j)—l _/;m igmdﬂ
—1

=pi-l >p

Therefore,

u{x €G: sup E(gmllllo, . .,,lp/_l, ¢i+19 v ey ‘l/n)(x) > (2p)—l}

oj<nin=1

m—1 m
>u UO Ani) =m+ ] ot
i= i=0
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On the other hand, for any r > 1, [ g, "du =TI}Z 0p . This verifies our state-
ment.

To prove the basic lemma for the case 2 < g < o, it is sufficient to consi-
der the operator

g— g = sup E(lgN'”llw'”, e wf\l,v)’

1j<Nil<v<py
NZ1
where, as we recall, gV¥ = S, , Dmn& ~SompE

LEMMA 3. For 2 <r <, lg**l, <2ligll,, g € L"(G). Consequently, we have

u{x €G: g¥*x)> A < 2'7\-’fc lgl"du,

where A > 0, g € L"(G).

ProoF. Forr = 2,
o PN—1

f lg**2du< X X j;; sup EN IS, ... ,‘l’}v'v))zdll
1€j<N

N=1 v=1

“ <4 fj pil fG 1Y% 12du

N=1 v=1

<4 fG lgl2dy,

by the martingale maximal theorem [11, p. 91] and Plancherel’s formula.
For r = oo, since g™ = Y% S,, (ng) and, for any h € L1(G), S",N(h) =
Enlg, ... Uy_y) (see [5, (15)]), we have llgV?ll_ < ligll,. Therefore,

) Ig**I,, < lgl,.

Our lemma follows from (4) and (5) and the Riesz convexity theorem
(Calder6n and Zygmund [2]).

6. Proof of the basic lemma for the case 1 < g < 2. We will first construct,
for each N> 1,1 < v <pj an exceptional set Ey , such that, if x & Ey , then
ISN:2fNY ()| < CL for vmpy, <n < (v + 1)my. Many of the details will be
omitted since they are essentially the same as those in [5].

We will use the following notation. For N>1,1<»<py,let G)"* =G,
andforj=1,...,N+1,let GV = AWy, . . . V'), the annihilator of
the subgroup generated by l]/N v lllN V. WNb w1ll denote any coset of
GN Y. For wy ,, ; fixed with j = 1 let Wy j denote the unique coset of GN ’
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which contains wy ,, ;. Note that u(w}‘\‘,,v',-) S pu(wy,p ;) for all N, v, j.
Fix N> 1,1<v<py and let vmpy, <n < (v + 1)my,. Given WN,v,js
1 <j <N+ 1, we define the “coefficients” a,(wy ,, ;) as

n(wN v;) wwyy, v,i) lf fN Xﬁ,v Ydu

WN’ 1}

= E(fN.v xﬁiv,vwl(;/,v’ e, wll\_/_,lll)(x),
where x € wy, , ;. We also write

(wN ul) max“an((—"’N vl)l ""N vi = wN v,/}

Finally, for vmpy, <Sn <@ + Dmy, N2 1,1 <v <py, write n =
TN dPmNP. Fix wy , ; with 0 <j < N. We define
§s=0%s s varl

n(wN,v,i) ZaN R N v

s=f
We observe that
|an(t».»N.n'v,i)(“’N,v,i)I = lay(wy,p,)l-
The first part V) , of the exceptional set E , is used to control the num-
bers 4, (wy ,, ;). Let

N+1

VN,v = U w;,_,,']-: #(wN,U,i)—l '/;, .lj'l(q+l),2d“ > )\(Q+l)/2 .
i=1 N,v,j
Then
(6) WN.pj € Vi, implies A4,(wp ) <A,

forall 1 <j<N+1andwmy <n <+ 1)my. This can be seen as follows.
If o wN vi= w}'\‘,',,,i and x € c_oN,,,’i, we have

12, (@, ) < ENVPIEHD2YEL gy x))? @D
SEEWACD 2Ny, o Uy WG, - YD) EHD

= E(ACD 2, L )

_ _ 2/(q+1)
= (4@ S, 10 2a0)

<A

since @y ,, i C Ve
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For each positive integer &, let A (N, v) be the collection of pairs
(n(wy,, ;)> Wy, p ;) such that vmy <n < (v + 1)my and

@) Ian(wN )(wN w )l =P k2, and
(ii) eitherj'= 1 and 18, 0oy, @0, N <PETIN, 00 1 <j <N and
185 (o v 7@, 7 < PN for all wN »7 2 Wn,p; and 7 with n(wy , ;) =
n(“"N v ;)

Let Ak(N v) be the collection of all pairs (n(wN vj) wN v,j) such that
((wp,v,1)> WOn,v,;) € AW, v) and wN vj € Vo

From (7) we have 4,,,,1, , )(wN l‘,,) <pkFINif (n(wN o) coN vj) €
A V,v)andj>1. (See [5, (54)]) If j = 1, the pair (n(wN vl)’ wN ,,,) may
belong to several Ak V, v)’s. In this case we delete (n(wN',,',) wN.,,,,) from all
AV, v)’s except for the one with k minimal. Thus each pair (n(w,"\',',,'i), w,"(,',,',)
belongs to at most one Ay (N, v), and 4, K/,v,i)(w:/-".i) < p~¥+1)\, This guar-
antees that the partition below is well defined.

If (n(w}’(,',,'i), ""Xl.v,i) € A,’:(N, v), we construct a partition [Ty, , =
My ,((wp v ;)s @n v, s k) Of wpy ,; as follows: Let

—_ I . % - * — —
Qo = 1On,u,1 ©N,wj = N, Anulyy p@Nw) 2PN,

- L= * — —k+1
2y = {Wn,pj+1° Oypj+1 © wN,v,i\QO’An(w}’v,v']-)(wN,v,i+ 1) =P T

N—j—-2
— )= .= *
Qy_j1= {wN,v,N—l‘ Wy, y,N-1 © WN,V,N U0 Q,,
=

W —k+1
A”(wX/.v.i)(wN.v,‘N—l) >pFt )\%,
and
N—j—
QN_] le’N wNvNCwND] suogi

Then Ty, v(”(wN vi) wy, v, k) = U39, is a partition of wy o For o€
nN,ll(n(wN’y',)’ wN,V,j’ k) we have
N )
(8)(1) w ; wN v,j*
@) if Wy by 20N D By, )@y <P, and
(iid) if w = wN,iwnh] <N, An(wN iy y@) = p~ k+1y
Let (”(“’N v,j) wN v,j) € AV, v) and

W j+r € AI,-IV (W, v,j)> Wi K-

: *
Forany x € wy , ;4 With wy iy, C Wy 54, C Wy, 5, We have the follow-
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ing estimate of the selected sum Sn(wN V() = SN, Novjer') VP(x). (See

[5,(691)
For (n(co;',','j), w}f,',,.i) € A (N, v), define

hN'v(t) = hN'v(t, HN,y(n(w;/,y,j)a w:\‘l,v,i’ k))

an(w;v'v'j)(a) if t (S (TJ (S HN.,,,

0 ift € wy, ;-

Let the operator WY” be defined by WN:"g = xI'" sV-¥(gxN'?) for g € L1(G).
It follows that

IS O =SNG PV

<sup E(WN:? « hN"'l.p{;"",...,wﬁ'")(x)l.

n(wN

For convenience, the right-hand side of the above inequality will be denoted by
n(wﬁ v, )hN ¥(x).
The other part of the exceptmnal set Ey , is used to control these selected
sums. For (”(‘*’N,v,,) wN’,J) € Ak (N, v), define

UN.v("(wKI. v.i)’ w;/. v,j? k)

= {x Ewy., ;' M,’:’(:,;, )hN"’(x) > CoLkp ¥t 1},
where C is an absolute constant to be determined later. Hence for x € wy ;4

. * * *
with wN,v,i+r:: Wy 4 C ON > ONpj+r € Ty, (10, 1), Wy s k), and
x¢ UN,v(”(“’N,v,j)’ Wy, p,j» k), we have

©) ISR 0 = Sa e CNS Colep™ 1

Let Ey , = Vy, U Uig UA,.C(N',,)UN,,,(n(w,‘:,,,J), Wy, k). We will
show that x € Ey, , implies

(10) lsV-» N2 ()l < CLA

forumy <n <@+ 1)my.
Before showing this we must make some technical adjustments. We first
note that if vmyy <n < (@ + l)mN and p7FA < <Ay .0 @Ny, o) <p A,

then (n(wy ,,0)s Wy, p,0) € Ax (N, v). Now suppose vmy < <n<@+ Dmy,,
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k)\esA,,(wN )(wN v 1<I<N+1,and wy,; € Vy . Then there
exists a triple (7, wN »J» k) such that
(ll)(l) n(wN,v,]) n(wN'p'l)’
(i) wy, 7 2 Wy,
(i) 1 <k <k,and
() (1(wy.,7)> Wy, 7) € ALV, v).
This is a consequence of (6) and (7). (See [5, (69)].)
If we choose (7, wy ,, ;» k) satisfying (11) with k minimal, we have

(12) Arr(wN,,;)( N,y,])<p F+IA

for all wy ,, > such that wN vj C Wy, T Cwy, 7. (See [5,(73)])
We w111 now prove (10). We may assume An(wN v o)("-’N v,0) > 0. Then
there exists Ko = 1 with p™* 0\ < <Apoy 0 < pFo* 1), Then

(n(wy ,,0)> W p, o) € A* (V, v) and the partition Iy LWy, 0)s Wy 4 0 ko)
is defined. Let wN i1 be the element of this partition which contains x. Then
(9) implies

IS = SNar V@I < CoLEop ™ 0TI,

Ifj,=N+1, n(wNv, )= va,SN" fN¥ = 0and we stop. Ifj, <N +1,
we have 4, (. )Wy vj) > >p"‘0+l A, by (8). Choose (- WNp Ty x,) as
in (ll) with &, mmlmal Then [T, l,("(cu,,, v 7 l) wN Ty l) is defined. Let
wN v.ia denote the element of this partition which contains x. We have

WNpj, & wN v n(wN ,,,2) n(wN l,12), and, from (12) and (9)

ISn(wN " )fN Y(x) - S (wij )fN Y(x)l

A

N,
ISn(wN,,, )f v(x) ”(lel )fN (x)l

N, N,
'Sﬁ(::N j)f P(x) - S ﬁ(wN )fN"’(x)l

+ |SN v fN ll(x) SN v, fN v(x)l
AON,0,7) N.v.i)

<p 1ty 26, LT, p 1,

(See [5, (96)].) If n(wl"f,’,,’j 2) = vm,,, we stop. Otherwise, we repeat the above
step until we obtain
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— * * * ~ ~
G_wN,V,O ; wN,P,fl ; PR QwN’V;ip’ kO >kl >.. .>kp> 1,

with ”(“-’K'.v,j,-) >vmy,i<p, n(w}'f,’,,’p) = vmy, and
' n(wN fN V(x) n(wN vjis )fN'v(x)I

<p ~%i+3

A+ 2CLEp A,

Then

ISN:vfN-P ()l < Z |S,,(wN” Nadde So n(eofy, v H)fN ()l

<) s(Ep

< CLA

This completes the proof of (10).
Let E=Un_,UX'E 'E n.»- It follows from (10) that x & E implies

ISNvNv () < CLA

forvmy <n <@+ Dmy, 1 <v<py,and N=1,2,.... The basic lemma
will be proved if we show u(E) < CIN¢ Iflqdu, with C <Cq/(q -1).
We use Lemma 1 to estimate UN—1U VN - Let Wy C

UN—-lUu—l VN v ; then

A@+1)/2 < H(wy, w)-l wa ilfl(q“)/zdll

< pu(wy,,) " fwﬁ , ilfl“7+ D2y,

Therefore

w PN—1

UU v,Ciega: (IF1@+D/2y*6ey > pm1z@+1)/2y,
N=1 v=1

Applying Lemma 1 with r = 2¢/(g + 1), we obtain
o PN—1

13) (NU U vy, .,) <IN f 19,
=1 »=1

where C, <2pq/(q - 1).
Next we follow the Carleson-Hunt method to estimate
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oo PN—l oo

U U U U UN,y(n(w:[,v,l’)’ wj*v'p'h’ k)'

N=1 v=1 k=1 A{(N,v)
It follows from (8) that I#"-I_ < p~**1A. Estimates of the operators
M'Ilv("zfv,v,i) then give
B(Uy (@} 1) N, p.js ) < Cexp(= CCoLE)M(wy, )
(See [5, (91)].) We choose C, so that
(14) ”(UN.v(n(“’I‘\‘I,v,i)’ wltf,v.l’ k)) <p_sLkl“(“')l,'stl,v,i)'

We will also need an estimate of Zz (v, ,)#(Wy, ;). From the definition
of A (V, v) and Plancherel’s formula, we have

(s) 5w <px? [N
Ag(N,w)

(See [5,(48)]) If A,";(N, v) is nonempty, then there exists (n(wy ,,;), Wy,»,;) €
Ai(n, v) with wy, @ Vy .. If x € wy ,, 1, then (7) and an argument similar to
that used in the proof of (6) give

PN < u(wy, )" f

Ifldu.
wN,,,,;f u

For 1 <gq <2, it is a consequence of the fact that f is a special function and the
definition of V), , that

PN < p(wy )7 wa fldu

’ v'l

<P(q+l)/2#(w1v,p,,-)_l ox vj[fl(¢1+l)/2dﬂ

< (px)(q-i- 1)/2.

N2 plk k=1,2,...,

where L = L(q) = [44%/(q — 1)] + 1. Therefore (15) implies

(16) 2 u(wpy,) SpSFETEX fG IV 12dp.
AR (N,v)

From (14) and (16), we have
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o PN~1 o
(U U U U UNv(n(wNv]) wNup))

N=1 v=1 k=1 A} (N,v)

PN-1

<2 > X pywy,,)
(0\'4

N=1 v=1 k=1 A}

< (kZ::lp—"> A 3 pN‘lf INv12du.

Using Plancherel’s formula and the fact that f is a special function, we obtain
eo pN—1
> Joreras fia< [
N—l v=l
Thus

o PN-1 o 1

a”n u( U U U U Uy, 0y, oy, k)) <caef I,
N=1 v=1 k=1 A} (N,v)

(13) together with (17) give us the required estimate of u(E). This completes

proof of the basic lemma for the case 1 <q <2.

7. Proof of the basic lemma for the case 2 < g < . The proof is essentially
the same as that in §6. The only differences lie in the definition of V) , and the
method of estimating 25,y ) u(wx,,,,’i).

Define

N+1
—_ ,v(g+1)/2 (q+l)/2
VN.P il=J ;""N v,j° #(wN u.i) wa l'fN I du= A
We still have (6).
The construction of the rest of the exceptional set E is exactly the same as
that in the previous section. We also have IS,’,v VNV ()| < CLA, for vmy <

n<@+1my,1<v<pyandN=1,2,.... U;=1UPZIIVN., is esti-
mated by Lemma 3. We have

o PN—1
(U U VN,> <cq>\"7f IA9du.
N=1 v=1 G

We will now estimate UAk(N,v)n(w}'f,',,J). If (n(wy, 1) Wn,v,;) €
Ay (N, v), we have

A< [ fde<

> ll,/
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since f is a special function. Hence A9~2 <p*L k =1,2,.... Therefore (15)
implies (16).

The remainder of the proof follows as in the previous case. This completes
the proof of the basic lemma for the case 2 < q < oo,
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